The viscoelasticity of reduced-fat Cheddar and Mozzarella cheeses was characterized in small (parallel disk rheometer, g o = 0.01) and large (sliding plate rheometer, 0.2< g o <7) amplitude oscillatory shear at 40 and 60˚C. We deduced the linear relaxation spectrum from the small strain measurements. At large strain amplitudes, we found sinusoidal stress responses whose amplitudes are well below those predicted from the linear relaxation spectrum, and yet remarkably linear with strain amplitude. We call this the large strain linear regime. We discovered that the Lodge rubberlike liquid can quantitatively explain the large strain linear regime if we scale down the relaxation moduli in the linear spectrum by a constant. This large strain linear regime persists to much higher strain amplitudes for Cheddar (g o £ 4) than for Mozzarella (g o £ 1). This is perhaps due to oriented structure of the protein matrix in the Mozzarella cheese.
INTRODUCTION
Large and rapid shearing deformations often occur at critical points in several food processing operations. Most food materials exhibit nonlinear viscoelasticity when large deformations or high deformation rates are involved. It has been demonstrated that material properties estimated using a small deformation test will vary greatly from their large deformation test results [1] . Therefore, one must study the materials under conditions they will encounter in use [2] . Such nonlinear properties can be used to correlate the processing behavior with their rheological properties. To measure them, one must generate large, uniform, transient deformations involving high strain rates. However, this type of deformation cannot be generated by traditional rheometers.
When the current state of stress in a material depends on both its current rate of deformation and its past deformation history, it is called viscoelastic. When a material is only slightly perturbed from its equilibrium state, it generally exhibits linear viscoelasticity, for which the rheological material functions are independent of strain amplitude. Small amplitude oscillatory shear (SAOS) is a fundamental method for determining rheological properties of viscoelastic materials. It can be performed by imposing a sinusoidally varying strain and measuring the shear stress response in the sample. This method has been used extensively to probe the structure of various food materials, including cheese and other dairy foods [3] . For biomaterials, the strain amplitude (g 0 ) used in this dynamic test must usually be below 0.05 to stay within the linear viscoelastic region. Curves of storage modulus, G'(w) and loss modulus, G"(w) are commonly used to report this behavior.
The measurement of linear viscoelastic properties requires small strain or small strain rate experiments, and rotational rheometers are commonly used for this. However, such instruments have several limitations and are unsuitable for accurate measurement of stress response in large amplitude oscillatory shear (LAOS) [4] . Giacomin et al. [5] developed a sliding plate rheometer (SPR) incorporating a shear stress transducer for studying nonlinear viscoelasticity of molten polymers. Unlike paralleldisk flow and sliding-cylinder flow that generate a heterogeneous flow field, sliding-plate flow homogeneously generates simple shear. The SPR can generate many types of nonlinear deformation, such as LAOS, exponential shear, step shear, and interrupted shear.
In oscillatory shear, when g 0 > 1, one can characterize nonlinear viscoelasticity, because the Weissenberg (We = g 0 wl) and the Deborah (De = wl) numbers can be varied independently. Where w is the frequency and l is the characteristic time of the material. For nonlinear viscoelasticity, s(t) is not normally sinusoidal, in which case there are higher harmonics, and the stress response s(t) can no longer be described in terms of two functions of frequency (G' and G"). Whereas Tariq et al. [6] measured LAOS behavior of Cheddar cheese using the SPR, here we employ constitutive modeling to such measurements for both Cheddar and Mozzarella.
Valid constitutive equations or rheological equations of state serve as fundamental relations between material end-use properties and processing behavior, composition and structure. Constitutive equations are mathematical relations derived from models for calculating the stresses in a material, given its flow history. By comparing the constitutive equation derived from a given model with measured stresses, one can test the model. Thus a constitutive equation is not only useful for predicting flow, but also for testing theories of molecular physics.
For flows incorporating small deformations or low rates of deformation, the behavior of materials is explained by a unifying principle called the Boltzmann superposition principle. For deformations involving large strain or high rates of strain, no such unifying theory exists. As new experimental techniques avail themselves for measuring LAOS behavior [4, 5] , one would like to use constitutive theories to interpret such responses. Constitutive theories help explain the responses in terms of rheological model parameters, so an accurate constitutive equation is the main tool for rheologists to interpret the rheological measurements.
Several theories have been used to predict LAOS behavior for different polymers. For molten plastics, Giacomin and Oakley [7] investigated the validity of classical theories in LAOS. Doi-Edwards theory accurately predicts the behavior of monodisperse polystyrene melts with g 0 < 1.5 [8] . Also the BKZ model, Lodge's rub-USA), and pH was measured by the gold electrode/quinhydrone method [17] . The compositions of the cheeses are presented in Tab. 1.
The cheese samples were prepared for SAOS and LAOS tests by cutting cheese blocks into about 3-mm and 1-mm thick slices, respectively using a food slicer (Model 1042, Fold-Up Electric Food Slicer, Rival, Kansas City, MO, USA). The mozzarella cheese was sliced along the fiber orientation and tested transverse to it [18] . To obtain a uniform sample shape, the slicing and cutting were done immediately after removing the cheese blocks from the refrigerator [19] . For SAOS tests, the slices were trimmed into 30-mm diameter discs. For LAOS tests the slices were trimmed to rectangular 50 * 80 * 1 mm test specimens. They were put into plastic bags and placed in a refrigerator (4 -6˚C) 24 h before testing.
SAOS TESTS
A controlled-stress dynamic rheometer (CVO, Bohlin Instruments Inc., Cranburry, NJ, USA) was used for the SAOS tests. The linear viscoelastic limit was first found to exceed g 0 = 0.01 by stress amplitude sweep tests. Frequency sweeps were then performed at g 0 = 0.01 to measure the storage, G'(w) and loss , G''(w) moduli at two sample temperatures, 40 and 60˚C.
LAOS TESTS
The LAOS tests were performed using the SPR (now manufactured by the Enduratech Corporation, Eden Prairie, MN, USA). The rectangular samples were centered on the face of shear stress transducer (7 mm in diameter) in the SPR. A maximum peak-to-peak displacement of the sliding plate was adjusted to give strain amplitudes of 0.1, 0.2, 0.4, 0.7, 1, 2, 4, and 7. These tests were performed at 40 and 60˚C. The frequency for all tests was 0.4 Hz.
ber-like liquid model, generalized Maxwell model, and some kinetic network theories have also been used to interpret the LAOS response of different materials [4] . Giacomin and Oakley [7] showed that an upper convected Maxwell model with a structure-dependent relaxation spectrum incorporating the three-parameter kinetic rate equation proposed by Mewis and Denn [9] works remarkably well for molten low density polyethylene (LDPE) in LAOS. Giacomin and Jeyaseelan [10] used a simple constitutive theory based on entanglement kinetics to interpret the LAOS reponse of different polyolefins that employed a kinetic rate expression proposed by Liu et al. [11] . Jeyaseelan and Giacomin [12] used a structural network theory proposed by DeKee and Fong [13] to study the LAOS behavior of high density polyethylene (HDPE) pipe resin containing carbon black. We are unaware of any constitutive model that predicts sinusoidal shear stress responses in the strain dependent regime.
The objective of this investigation was to use the Lodge rubberlike liquid model to describe the SAOS and LAOS rheological behavior of Cheddar and Mozzarella cheeses.
MATERIALS AND METHODS

SAMPLE PREPARATION
Reduced-fat Cheddar and Mozzarella cheeses were manufactured at the Dairy Plant of the Wisconsin Center for Dairy Research, University of Wisconsin-Madison, USA. The cheese blocks were vacuum sealed in barrier bags (VF-400, Vilutis & Co. Inc., Frankfort, IL, USA) and stored at 4˚C until testing. Both cheeses were aged six weeks prior to testing.
The chemical compositions of all cheeses were determined. Moisture content was determined in a vacuum oven at 100˚C for five hours [14] , fat by the Babcock method [15] , salt was determined coulometrically [16] using a Chloride Analyzer 926 (Corning, Medfield, MA, 
CONSTITUTIVE MODEL FOR CHEESE
The Lodge rubberlike liquid model parameters were determined using the measured G' and G" values. This model uses the Finger tensor, B, to generalize the Boltzmann superposition principle and to formulate the following general (material objective) theory [20] :
where, m(t-t') is called the memory function. The Finger tensor B is:
The relation between the memory function and the relaxation modulus of the rubberlike liquid is [21] :
Where, G i and l i are, respectively, the initial modulus and relaxation time corresponding to each Maxwell element in the generalized Maxwell model. Using Eq. 3, it can be shown that the relaxation modulus corresponding to this memory function matches that of the generalized Maxwell model. For the rubberlike liquid in simple shear, the shear stress, s(t), is obtained from Eq. 1:
or
For sinusoidal oscillatory shear flow, g(t) = g o sin(wt), the shear stress, s(t), is thus:
If a generalized Maxwell model is used to represent the relaxation modulus,
then: (10) (11) where, G i and l i are the initial moduli and relaxation times corresponding to each Maxwell element. This is how G' and G" can be calculated from G i and l i . We used the parsimonious modeling technique by Winter et al. [22] to determine the discrete relaxation spectrum. 
(t) = [( G(s) ( s) ds) ( t) + ( G(s) ( s) ds) ( t)]
o o o ∞ ∞ ∫ ∫ sin sin cos cos σ γ (t) = G(t -t ) d (t ) - t ∞ ∫ ′ ′ σ τ γ γ (t) (
t) = m(t -t ) [ (t) -(t )] dt
RESULTS AND DISCUSSIONS
RELAXATION MODULUS OBTAINED FROM SAOS
The discrete relaxation spectrum (G i , l i ) for 6-week-old reduced-fat Mozzarella cheese obtained in our SAOS tests at 40∞C and g 0 = 0.01 is presented in Fig 1. Tab. 2 contains the summary of (G i , l i ) data for both Cheddar and Mozzarella cheeses at 40 and 60∞C. For detecting departures from sinusoidal stress responses, we chose to present s versus g · oscillatory shear data following Tee and Dealy who showed that such plots are ideal for the purpose [23] . rubberlike liquid model, though qualitatively correct, is remarkably invalid for cheeses.
RELAXATION MODULUS CONFORMING TO LAOS
We know of no constitutive equation that predicts elliptical loops in the nonlinear regime. Performing a frequency sweep on the sliding plate rheometer (see Fig. 4 ) we find that at large strain amplitudes, the stress is nearly free of higher harmonics and its amplitude is again linear with strain amplitude. The slope in this large strain linear regime is lower than that in the low strain linear regime. Specifically, when g 0 > 1, the cheese has switched to the large strain linear behavior. This inspired us to try to extend the rubberlike liquid into this large strain linear regime.
Recall that our SAOS relaxation spectrum was measured at g 0 = 0.01. We decided to scale the relaxation moduli in this spectrum down by the ratio of the stress amplitudes using the following equation:
where, s 0 is the stress amplitude evaluated at 0.4 Hz and at g 0 = 0.01 and calculated from the discrete relaxation spectra (see Tab. 2). s 1 is the measured shear stress amplitude at 0.4 Hz and at g 0 = 0.2. We call this the relaxation spectrum for the large strain linear regime.
The predictions using the relaxation spectrum for the large strain linear regime are in Figs. 5 and 6. The measured s versus g · loops are elliptical at g 0 = 0.2 for both cheeses at 40 and 60˚C. The predicted and experimental s versus g · loops match at 60˚C for both cheeses. At 40˚C, the predicted slightly exceed the experimental s versus g · loops for Cheddar cheese, but do not fit the Mozzarella data well. Figs. 7 and 8 show the predicted and experimental s versus g · loops for Cheddar cheese at 60˚C: 0.4 Hz and g 0 < 1 and g 0 > 1, respectively. Figs. 9 and 10 show similar results for the Mozzarella cheese. The predicted and experimental data match up to g 0 = 4 for Cheddar, and up to g 0 = 1, for Mozzarella. Comparing these, we can state that the Cheddar cheese exhibits large strain linear viscoelastic behavior over a wider strain range than Mozzarella g 0 £ 4 for Cheddar compared to g 0 £ 1 for Mozzarella. Why? Cheddar cheese may be more uniform and more structurally homogeneous than Mozzarella. The mixing-molding step in the Mozzarella manufacture orients the protein fiber
structure [24] . The effect of this oriented structure has also been observed in other rheological measurements [18] . The large strain linear behavior is equally difficult to explain. It would appear that at rest, the cheese has one equilibrium structure, and that in large amplitude oscillatory shear, it converts to another non-equilibrium structure. Whereas the equilibrium structure is independent of small amplitude deformations, its nonequilibrium counterpart appears to be equally independent large amplitude deformations.
CONCLUSION
Cheddar and Mozzarella cheeses at 40 and 60˚C were characterized in large amplitude oscillatory shear. At large strain amplitudes, we found sinusoidal stress responses whose amplitudes are well below those predicted from the linear relaxation spectrum, and yet remarkably linear with strain amplitude. We call this the large strain linear regime. We discovered that the Lodge rubberlike liquid can quantitatively explain the large strain linear regime if we scale down the relaxation moduli in the spectrum by a constant. This large strain linear regime persists to much higher strain amplitudes for Cheddar (g 0 £ 4) than for Mozzarella (g 0 £ 1). 
